Solutions to II'T JEE-2005 Mains Paper (Memory based)
Mathematics

G

Sol.

Q.2

Sol.

Q.3

Sol.

A line passes through the point P(h. k) is parallel to the x- axis. It forms a triangle with the lines

¥ =x & x + y =2 of area 4h then find the locus of P. ‘; 2]
On solving the lines we get S & R points N %
S:(2=-k.k),R:(k k) -

Two lines intersectat Q (1, 1)

1
Area ofthe (AQRS5 ) = 512{k-1}’ [-- QS =QR = {5 3R]

dhi=[k=-1F
== locus is the pair of straight lines 4xi=(y-1F| Ans.

A cricket player in his career plays n match and scores total no. of

{n+1](2":-n—21 uns. [2)

If he scores k. 2" ' runs in k" match, where 1 =k Zn. Findn.
Let S_be the total scores in his career plays n matches.

s}
g5 = Tk o e T2

= om [1'—-m.=2‘**-4-2n =2%_2n-4

=1
Buts, = HT (2¥1-2—n) (as given)

n;1[2"'-2-n}=2[2“"-n-2}

n+1=8 sons.

Ramesh goes to office either by car, scocter, bus or train probability of which being

0

2 1 .
T &l and 7 respeciively anc

1
'E. nd Emsp&cﬁvem Find the
probability that he has travelled by car. if he reaches office in time. [2]
LetA, B.C, D be the events when Ramesh is going by car, scooter , bus or train respectively.

2
? L]
. . : : Lo £ 4 1
probability that he is reaching office late if he takes car, scooter, bus or train is X 7@



1 3
PlA)==.FP(B)==. F{C]-- P{0)=

1
T
Let 7 be the event when Ramesh reaching the office ntme.
_8
2

(% x)
I
."'—'\‘ ? 1
(A 1 F"(A} 5% 1,
-I"-R-"'!- p{x} ) lxl-l-i-:ﬁ-g:-:iiixl B ? e
T e 7T 8 7 e 87

Q.4  Alkghtray incident along the unit vector v and the unit vector along the normal to reflecting surface at the point P is

N outwards. If reflecting ray is along the unit vector W, find W interms of ¥ andi . [2]
Sol. n is bisector of the angle between the incident and reflected ray and can be represencied as

=
i
e

o £
L
=
i
=

where |W=vi= Ji+1=2(w.¥) [whmu—aismglefizﬂeen w and v ]
=|2cos 2] whereae (0, 1) o
==2{(n.v]

[

=w=i-2(ﬁ.i]ﬁ Ans.

1
Q.35 Find the equation of the plane at distance of :,lﬁ" from the peint (2, 1. = 1) and containing the line

2x=-y+2=-3=0=x+y+2z-5 [2]
Sol. (2x-y+z-=3)+0{Ix+y+z=-5)=0
(3h+2)x+(a=1)y+ir+1)2=-5L=-3=0D

Gh+d=b=1=-4=-1=-5.-3 1

Sotheplanesare 2x -y+z-3=0and@2x+20y+ 1902z~ 105=0Ans.



Qe

Sol.

Q.7

Sol.

Qs

Sol.

For any two distinct'real numbers x, & x.. y = f(x) is satisfying the condition, [f{x,) — f{x)| < (x,—x,)*.
Find the equation of the tangent at the point (1, 2) to the curve y = f(x). 2]
Given : Ifix, ) = flx ) < Ix, = x.F

Letx,=1&x,=1+h

f{1+h)=f(1)1< P

. fit+h)=f{1)]

I

h'_"l; > f.:":_“;IhI
IF{1)] < =; where is a very small positive quantity.
sofi1)=0
Hence the tangentto y = f(x) at(1, 2)isy=2. Ans.

3.4, 5 are radii of three circles touch each other externally if P is the pont of intersection of tangents of these circles
at their points of contacst, find the distances of P from the points of contact [2]
Letx, y. 2 be the centre of the three circles clearly the point P i the in- centre of the ixyz and

_ ofsis-a){s-b){s-c)
- -

28=T7T+8+8=s5=12

r= where 4 & 5 have their usual meaning

————

=.J§'4'3 = J5unit Ans.

12

£
Evaluate - [eF*¥4[2sin(1/2cosx}~3cos(1/2c0s x)]sinx dx

’ 3
i 5
Let Ecns =t
cos X = 2{s0 - sinx dx = 2dt
12
sol= [eP[2sin (1) + 3 cos ()] 2a1
-2
12 12 a
=2 [2eFsintdt+ 6 jem cos t dt (Using [#(x)dx = 0:  f{x) is odd function
-2 =2 -3

a
=2 jf{x}dx - i f{x) is even function)
a

w2 -
=0+12 |5 costat
2

12 . 1.,
=Ts=[e cos (t-tan”'3 )]

12 1 1 1
= ??‘[ecuﬁ{i-tan" E}-Gﬂs (tan™ E“

_ 12 1 L 2
-Eiemtg—tan E}-]E]Ans.



Q9 Findthe areaboundedbythecurves =y X ==y &y =4x -3 [4]
Sol. Onsclvingthe curvesx*=yand y¥*=4x -3

We get their point of contact (1.1) and the area bounded is symmeinc about x- axis.

so that the area bounded is ¥

ira 1 9
=2 jxl F I{xl--.hx-ﬂ de
-

a 3

1 .
=354 units. Ans.

< 2
@.10 Find the eguation of the commen tangent in 15t quadmt to the circle x* + y? = 18 and the ellipse % + YT‘-* 1. Alsc find

the length of the intercept of the tangent between the coordinates axes. [4]
Sol. Let the eguations of tangents 1o the given circle and the ellipse respectively.

y=mx+41om? e 1)
and y = mx +1Il25n12 -4 LA2)
since (1) & (2) are coincident ines, so

4J1-m? =J35mi+4
1B(1+m*)=25mi+4

2
m=:l:J_3—'

m < 0 because common tangent m 1st guadrant

2
som=- 7=

50 the equation of the common tangent is ; {from (1))
2 T
v=-Fx4

7
It meets the coordinates axes at A (27 . 0) and (D, 41’;} so length of the intercept of the tangent between the

14
coordinate axes is E Ans.

2 2

X
G.11  Atangentis drawn from a point on the hyperbola B Y? = 1 fo circle x* + y* = @ find the locus of mid-point of chord

of contact 4]
Sol. Letanypoint P(3 secd, 21and) on the hyperbola

chord of contact of the circle x2 + y2 = @ with respect to the point (3sect. 21and)is

(3secB) . x+(2tanf)y=0 1)

Let (h. k) be the mid point of the cherd of contact.

equation of chord in mid-pointform isxh+yk=h3+ k2  _..(2)

By (1)and (2)



G.12

Sol.

Q.13
Sol.

3sect _ 2tany _ g

h  k he+k2
sech = 5= .
= S T )
as secB-tan?d=1.s0
81h? 81k?

- == 1

. 81
so the required locus is {x’+y’}2=‘h*-Tﬁ Ans.

A square having one vertex as 2 + J3 1 is circumseribed onthe circle | 2= 1| = /5 Then find the other vertices of

square, (4]
Centre of circle is (1, 0) and is also the mid pont of diagonals of square
-2y =iz -z e?
={2= .JE: =1}
23 Sj= :qré.- = 1
=i1- .03 +i -

Since z,is mid pointof 2, & 2z, as well a5 2, & z, also

502, 22=2; = (1+ f3) -1

andz,=2z,-2,=2-i2+ J3i)=- f3i

so other vertices are (0. - J3 ). (1= 3, 1111+ ﬁwm

S

Find all the curves y = f{x). tangents at any point on which are drawn such that the segment of tangen? intercepied
between the coniact point and x-axis is of unit length, [4]

Given: |AP =1
Equation of tangent at P(x, y) pointis

Y=-y= :3‘_: (X =x}

Putng X =0 & Y = 0 respectively we get pts A & B and length of the segmentAB is /6
A

| AP | is length of tlangent, so

|IAP | =

" 2
i

d)l', _?_]":
L dx |

ﬁ]‘-ld,, ___,
[ oes fo

onintegrating we get,

%JHWF‘ = 1 wherey' = |

e pix, ¥}

!"d‘r-\'

\dx p



G.14

Sol.

G135

Sol.

G.16

If two functions 'f and "g’ satisfying given conditions for ¥ x, y € R. fix —y) = fix) gly) - fiy) . g{x) and

gix =y} =glx). gly) + fix) fiy). If nght hand deviative at x = 0 exists for f{x) then find the deviative of gix) atx = 0. [4]
Guen  fix=y) = fx} . gly) = fly) . g(x]

Put y=x andyougetfid)=0

put y=0 andyougetg(0)=1

f(0 + h)-f({0)

~ {h € R* and tending to zero)

RH.D.offx): f(0%)= lim

. f(D)gi—=h) - p(0¥(<h)=1(0) _ iy —F(=h
= lim T8 }9:[1}” } ”=,',_','; L]'=f'w':=L.H_n. 1)

fl0=h}-f(0) _

&L.H.D.of fix): (07 = lim —— =-1{0*)=-RHD. ..(2)

Hence frem (1) and (2) f{0)=0
Puty = x in given condition gix = y) = gix) . gly) + f(x] . fiy)
= 9(0)=g3x)+#(x)

ondiff wrixweget = gx)+#2(x)=1 = g% (x) = 1={x)
= 2g(x).9 (x)+ 2{x)F(x)=0
g'0)=0

[Note : ‘g’ is differentiable at zero because Tis diff. at 0 & g2 (x) = 1 =2 {x]]

- -

Find th Fatses of tlorwifich 2 sin t= SoatiS ., o <8 X 4
nd the range of values of t for whic s'm';‘-x:-h-‘l‘ml_ E'IJ (4]

1- 2x = 5x?
I T EAl D —
Given: 2 sint - —

1-2x+5x°
First we have to check the range MR.H.S.W=y{ﬁﬂ
(37 =2x = Ny ={1=2x+Hc?) =0
By -5 =-2x(y=1)=-(y+1}=0
So D=0
1
s'm-exeR—{L—E}
y-y=1z0
1af5 B 1=-45 L 45 -1 3 5 =1
o yz > or s (- smw—T&smw—T)
or sm't:zﬁ or sint< -5
4 <
o 35 WO & "
= sntzsin 0 or sn t< sin 10
Eotziz -—<ts-—| An

If P{x) be the cubic polynomial satisfying p (=1) = 10, p{1) = = & and p(x) has maximum atx = -1 and p'(x) has minima
atx = 1. Find the points of local maxima and minima, also find the distance between these two points. (4]



Sol. Let Pixj=ax?+bx*+cx+d

Pi-ll==a+b-c+d=10 1)

& Pil)=a+b+c+d==8 {2)
Pix)=3ax?+ 2bx + ¢

snce Pi-11=3a-2b+c=0 ]

and Pox)=8ax + 2b
P1)=6a+2b=0
soblving (1), (2). (3)& (4)fora. b, c. d
a=1lb=-3¢c=-0d=5
0 Pix)=x3-3xi-0x 45
Now P(x) = 3x2 - Bx-0=3 (2= 2x=3)=3(x=3) (x + 1)
+ — +
-1 3
SoP(x)hasminmaatx=2 & maximaatx=-1
so the point of local max. (3, - 22)
5o the point minima (=1, 10)

distance = f16.+(32)° = 161024 = J1090= 4 85 unit  Ans.

Q.17  f{x}be aquadratic polynomial , 3, b.c are three distnct real numbers, such that :

43® 43 1] (-1 [2W*=3a]
(4b? 4b 1] | f() |_| W?-3b
14e? de 1| f(2 | - 3te3c

V is the pont where | {x) attains maximum_ A & B are the points on f{x) such that f (x) cuts x —axis at A in the first
quadrant and chord AB subtends right angle at V. Find the area bounded by curve y = f {x) and chord AB, [6]
Sol. Asgwen 4aif(-1)+4af(1}+f(2)=3a2+3a.
4b2f(-1)+4bf (1) +f{2) =22+ 2 band
4e2f(=1)+4cf1) +f(2)=3c2 + 3¢ 1 2

[ ]

here it can be considersd that the equation : e w |0 N
4x2f (=1) + 4xf (1} + f{2) = 3x? + 3x has three distinci@ots %
which is possible if and only if

4f(-1)=3 = f(-1)=34 2. 1) (2. 0}
and  41(1) =3  f(1)=34 . A
f2)=0 gy

el
5o the function f (x) = T"...1
LetAbe at{2.0) le1B be (c B)

2
o
L R |

£0 B 7 & e (1)
Since BV LAV so

1 (E=1)
“7 1= ;1-‘1=’ﬁ—2n+1 .................... (2)
from (1) &(2)
(o, ) =[-8 -15)=poim B

=G +3x))

so the required area = A = J'::'|m.¢

125
area = —= sq. units |  Ans.




Q.18 If 'fis differentiable and g’ is a double differentiable function such that f (x) & [-1, 1] and f (x) = g{x).
I££2 (D)+ g2 (D) = © then prove that there exist some ¢ = (=3, 3) suchthai glc)g" (c) <0 [6]
Sol. We have to preve that g (x). g"(x) < 0 for some ¢ (- 2, 3) means both can not be +ve or —ve for all xe (-3, 3)
simultaneously. First we assume both are +ve for all xe (- 3, 3).
fixjes =1, 1]and 2(0)=2

= gllie| |
given £ (x) = gix)

lr ) _ x
:“; 1% jox J;g{x}dx

X
fix)= Ig(x]dx-f{-a} If (-3) can take min™ value -1]
-3
since g (x) > 0 = curve is opening upwards
for any g (x) satisfying the conditions, why T, 2)

(0.22)
you can understand by following cases - e
Casel:/fgix)isdecreasing. -3 o 3

X
Ig{x}dx > 3 x 2402 (area of rectangle)
=3

CaseIl:Ifg(x)is increasing

2
ﬁ;x] dx » 6

X
Iﬂil}dx > B4f2 (area of rectangie) 3
-2

Casel: fgix)takes minMaix =0

gl
j gix)dx > 8x242 » 82 (areacfrectangle)
3

Vv

3
flx)> gaf2 =1
but f (x) can not be greater than one 5o that their shows contradiction means assumed condiion can not be true any
how.

= § (x) and g~ (x) can not be both +ve for simultanecusly all x & (-2 3)
for some ¢ (-3, 3) glc).g"(c)<0
simiarly you can prove that both can not be —ve simultaneously.



